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Young’s (in)equality for compact operators.* 


G. Larotonda^ 


Abstract 

If a, 6 are n x n matrices, Ando proved that Young’s inequality is valid for their 
singular values: if p > 1 and l/p + l/g = l, then 

Xk{\ab*\) < Xk (-|aF H —for all k. 

\p q J 

Later, this result was extended for the singular values of a pair of compact operators 
acting on a Hilbert space by Erlijman, Farenick and Zeng. In this paper we prove 
that if a, b are compact operators, then equality holds in Young’s inequality if and 
only if \a\P = |6|'^, obtaining a complete characterization of such a,b in relation to 
other (operator norm) Young inequalities0 


1 Introduction 

It all boils down to the following elementary inequality named after W. H. Young: if p > 1 
and 1/p + 1/q = 1, then for any a, (3 E M’*', 

af3 < f f 

p q 


with equality if and only if = (3'^. 

Operator analogues of this elegant fact are considered, following the fundamental paper 
by T. Ando pQ for nxn matrices, and an extension for compact operators by J. Erlijman, 
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D. R. Farenick, R. Zeng |1]. If a, 6 are compact operators on Hilbert space then for all 

k G No, 

Xk{\ab*\)<Xk f-|ar + -|6r) 

\P Q J 

where each eigenvalue is counted with multiplicity. This allows to construct a partial 
isometry u such that 

u\ab*\u* < -|aF + -|6F 
p q 

for the partial order of operators. Therefore, this raised the natural question of whether 

\\u\ab*\u*\\ = ||-|a|P+ 

p q 

implies \a\^ = \b\'^. It is easy to construct examples where this is false, if || ■ || is the 
operator norm. But O. Hirzallah and F. Kittaneh showed with an elegant inequality [7] 
that it is true if a, b are Hilbert-Schmidt operators, and the norm is the Hilbert-Schmidt 
norm. Another nice paper, this time by M. Argerami and D. Farenick [3] proved that 
that it is also true for |a|^, \b\'^ nuclear operators, that is when the norm is the trace norm 

In this paper, we prove that the necessary and sufficient condition is in fact the equality 
of all singular numbers, which enables us to characterize for exactly which norms the 
assertion above is true iTheorem I2.13p . 

2 Young’s inequality for compact operators 

Let H he a. complex Hilbert space, and let us denote with B{'H) the bounded linear 
operators acting in H. For y G BiTi), with \y\ = y/y*y we denote the positive square root 
and then y = p\y\ is the polar decomposition of y. With p : Ran \y\ —)■ Ran?/ we denote 
its partial isometry, when necessary, the projection vv* onto the closure of the range of y 
will be denoted by Py. 

In the following lemma we collect some results that will be used throughout this paper 
(and will help us fix the notation): 

Lemma 2.1. Let a,b,x & 

1. Ifb = p\b\ then is the orthogonal projection onto the closure of the range of |6|, 

16*I = v\b\v* and vv* is the orthogonal projection onto the closure of the range of 
\b*\. 
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2. \ab*\ = z/||a||6||i/* and i'*\ab*\h' = ||a|| 6 ||. 

3. If p is a projection, then x = pxp implies x = px and in particular p^p = Px 
(equivalently px <p)- 

4- If p is a projection, pxp = p and either x>p or 0<x<p, then xp = p. In 
particular z/Ran {p) = span{ff) for some f, eH, 

{xp, p) > {pp, p) for any p eH 

and = {(,,0 imply xf = f,. There is a similar assertion for the other case. 

Proof. 1. is trivial, to prove 2. write the polar decompositions a = u\a\,b = v\b\. Note 
that |a 6 *p = z/| 6 ||ap| 6 |i/*; since v*v\b\ = \b\ then (z/| 6 ||ap| 6 |z/*)"' = i/(| 6 |laplfel)”'//* for any 
n G N, and an elementary functional calculus argument shows that 

\ab*\ = (i/| 6 ||a|^| 6 |z /*)2 = i'{\b\\a\‘^\b \)2 u* = z/| |a| | 6 | 

On the other hand, since = z/, then i>i>*\ab*\ = \ab*\ = \ab*\i>i>*, therefore from 

z/*|a 6 *pz/ = ||a|| 6 |p taking square roots and using a similar argument we derive z/*|a 6 *|z/ = 
||a|| 6 || 

3. If pxp = X then Ranx C Ranp, therefore Pa, < p or equivalently ppx = Px- Multiplying 
both sides by x gives x = px. 

4. Assume x > p (the case 0 < x < p can be treated in a similar fashion therefore its 
proof is omitted). Since x — p > 0, we have, for each p E PL, 

II (x — p)^'^^pp|P = (p(x — p)pp, p) = 0, 

thus (x — p)^/^p = 0 and multipliying by (x — p)^/^ on the left we obtain (x — p)p = 0 
wich shows that xp = p. □ 

2.1 Singular values 

Denote with /C('H) the compact operators on Pi. Let Afc(x) {k E No) denote the k-th 
eigenvalue of the positive compact operator x E B{Pi), arranged in decreasing order, 

||x|| = Aq > Ai > • • ■ Afc > Afc+i > • • • 

where we allow equality because each singular value is counted with multiplicity. Clearly 
-^A:(/(x)) = |/|(Afc(x)) for any function defined in a{x). 

Remark 2.2. For given a,h E B{Pi) and x E lC(Pi), the min-max characterization of the 
singular values Theorem 1.5] and Lemma [Ril 2 easily imply that 

1. Xk{axb) < ||a|||| 6 ||Afc(x), 

Afc(|a 6 *|) = Afc(||a|| 6 ||). 
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2.2 Unitarily invariant norms 

For a given vector a = (ai)ieNo with Oj G M, we will denote with the rearrangement of 
a in decreasing order, that is is a permutation of a such that 

4 > aj > • • • > at > at+i > • • • . 

Let II • II 0 stand for a unitarily invariant norm in and 0 : —)■ M+ its associated 

permutation invariant gauge [9]. 

Definitions 2.3. We say that the norm is strictly increasing if, given two sequences 
a = {ai),b = ipi) such that 0 < a* < 6* for all i G No and (j){a) = (fib) implies that 
Oj = bi for a// i G N (see Hiai’s paper m, it is also property (3) in Simon’s paper J^i)- 
Examples of these norms on K{'H) are the Schatten p-norms 1 < p < oo, and examples 
of non-strictly increasing norms are the supremum norm and the Ky-Fan norms. 

Note that we can always define 

.#.(«) = ( 1 ) 

k>0 

which is a strictly increasing norm defined in the whole o//C('H). 

Remark 2.4. If is not equivalent to the supremum norm ||a;|| = sup ||a;.^||j:f, then 

IICIIh=i 

= {x G fCifK) : ||x||<^ < cxd} is a proper bilateral ideal in /C('H) according to Calkin’s 
theory. Assume that a symmetric norm has the Radon-Riesz property 

ll^nlU ^ ll^^ll,/, and Xn ^ X weakly ||x — x„||^ —)■ 0 

(see Arazy’s paper on the equivalence for sequences and compact operators). Simon 
proved in that in that case the norm is strictly increasing according to our definition. 
It is unclear for us if the assertion can he reversed. 

2.3 Inequality 

Remark 2.5. For given a,h E KAfH) we will always denote 

«fc = Afc(|a|), (3, = \,{\b\), 7 , = Afc(|a6*|), 4 = f-|ar +-Ifc^V 

\p q J 

Moreover, we will denote 

|a|=^afcafc, \b\='^/3kbk, \ab*\ = y^jkPk, -\af +-\b\'‘ = '^dkqk 

k k k ^ ^ k 
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the spectral decompositions of each operator, with ak,bk,etc. one dimensional projections. 
Note that we allow multiplicity, and if "Ji = ■ ■ ■ = 'Jj for some finite j, the election of the 
first qj is arbitrary (i.e., it amounts to select an orthonormal base of that span). 

Remark 2.6. Concerning a,b ^ the following was proved in m by Erlijman, 

Farenick and Zeng: for each k ^N, 

Afc(|a6*|) < Afc (-\a\P + 

\p q J 

hence there exists a partial isometry u such that q^ = upkU* and u*u = Pk Ibe projec¬ 
tion on the (closure of) the range of \ab*\. Then, for any a,b E /C('H), 

u\ab*\u* < -lap H—|6P. 
p q 

This extended the original result of T. Ando Jjfj which was stated for positive matrices. 

From their result, it can be deduced that the relevant condition to deal with the equality 
is Jk = bk for all k, to be more precise: 

Lemma 2.7. Let a,b E /C('H), p > 1, 1/p + 1/g = 1. 

1. If |a|P = then = /?/ = 7a: = bk for each k E Mq. 

2. If either 

z\ab*\z* = -\a\P + -\b\^ 
p q 

for some contraction z E or 

\\z\ab*\w\U=\\-\a\P+-\b\^\U, 
p q 

for a pair of contractions z,w E B{'H) and a strictly increasing norm, then = 6k 
for each k eNq and 

u\ab*\u* = -\a\P + -\b\L 
p q 

where u is the partial isometry u of the result in Remark \2.6\. i.e upkU* = qk for 
each k. 

Proof. To prove the first assertion, note that clearly 5k = = /3|. By Lemma 12.11 2. 

|a6*| = v\af’v*, and in particular 

\k{\ab*\)<\k{\a\n = ^k{W) 


5 




by Remark fl2.2[ l). Now since v is the partial isometry of | 6 |, then also i>*\ah*\i> = 
p*p\a\^p*p = \a\^ which in turn shows the reversed inequality, and then 7 ^ = = I3l 

follows. 

Regarding 2., note that if equality is attained by a contraction z, then by Remark 122] and 
Remark 12.21 1 

lk<5k = \k{z\ab*\z*) < Afc(|a 6 *|) = y*,. 

Likewise, if equality is attained for a strictly increasing norm and a pair of contraction 
z, tc, since 

\k{z\ah*\w) < Xki\ab*\) = < 5k = A*,, 

then = Sk for every k. □ 

2.4 Equality 

The following result will be crucial to obtain the proof of our main assertion. 
Proposition 2.8. Let 0 < a, 6 G /C('R). Let 1 < p < 2 and 1/p + 1/g = 1. If 

Xk{\ab\) = Xk (-oL H— b'^] for all k 

\p q J 

then Ran 16aI C Ran 6 . 

Proof. Let £ > 0, let pb stand for the projection to the closure of the range of b, let 
bs = b + e(l — pb), then = 6 ^ + £'^(1 — pb) < b'^ + and b^ = b"^ + e^{l — pb). Therefore 

\b^a\^ = ab^^a = ab‘^a + 5 ^a(l — Pb)a. 

Let | 6 a| = ^ Jk^k ® Cfc with jk = Afc(| 6 a|) and { 6 ^}^ an orthonormal basis of Ran | 6 a|. 

fceNo 

Then since 70 = ||a 6 || = || 6 a||, we have (a 6 ^aeo,eo) = || 6 a|P and 

e^||(l-PbjaeolP + ||6a|p < = ||a6e|p < ||-a^ + 

p q 

= ||-a^ + - 6 '? + -£^(l-pb)ir 

p q q 

< W-aF + -en^ = h|-aP + -6‘'|| + -£"1 
p q q V P ^ ^ 

= {\\ab\\ + 

q q q^ 

by Remark 12.61 and the hypothesis. Therefore, dividing by and letting e: —)■ 0, since 
g > 2, we conclude that (1 — Pb)aeo = 0 or equivalently, aeo G Ran 6 . 
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We iterate the argument above for all k such that '^k = lo'- let us abuse the notation and 
assume then that 71 < 79 . Then for all sufficiently small e < Si, 


Therefore for all such e, if Q = Cq + Ci then 

Ai {Q{e‘^a{l - pb)a + ab‘^a)Q) = Ai (£^||(a(l - Pb)a)^/^ei|pei + 7iei +70^0) 

= ^l + emi-p,)ae,r. 


Now by the same reasons as above (and since Xk{QAQ) < Afc(A) and Xk{A + tP) < 
Xk{A + tl) = Xk{A) +1 for A > 0, t G M>o and = P = P*) 

Xi[Q{e‘^a{l-pb)a + ab‘^a)Q) = Xi\Q\abs\‘^Q\ < Xilabel"^ < Xi + ^b{^ 

< Xi(-aP + -6^ + -s'?) 

\p q q J 

= Xi(-aP+ hA 
_ \p q J q _ 

< (^Ailafel += 7i +-7i£'? + 

V q J q q^ 


Therefore 

-il + e^\\{l - pb)aeif < -ff + - 716 '? + 

q q^ 

and again, dividing by e and letting e —)■ 0, we conclude that aei G Ran 6 . Proceed¬ 
ing recursively, we conclude that a(Ran| 6 a|) C Ran 6 . Now if G "H, then a| 6 a|.^ G 
Ran ( 6 ), therefore a^| 6 a|.^ = a(a| 6 a|.^) G aRan ( 6 ) C Ran(a 6 ) = Ran| 6 a|, and a^| 6 a|.^ = 
a(a^| 6 a|.^) G aRan| 6 a| C Ran ( 6 ). Iterating this argument, we arrive to the conclusion 
that (Ran 1 6 aI) C Ran ( 6 ) for all n G Nq. Using an approximation of / = xpa) by 
odd functions, we conclude that pa(Ran | 6 a|) = /(a) (Ran | 6 a|) C Ran ( 6 ) where pa is the 
projection onto the closure of the range of a. Therefore | 6 ap.^ = ab'^a^ = paab’^a^ = 
'Pa\ba\‘^i C Ran ( 6 ), which gives Ran| 6 a| = Ran(| 6 ap) C Ran ( 6 ). □ 


Remark 2.9. Here are two remarks on projections, its verifications are left to the reader. 

1. Let b = b* E BifH), 7 G "H. Then 6(7 0 p)b = {hrf) 0 ( 67 ) and the projection onto 
span{bx) is given by 
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2. Let b = b* E B{'H) assume that brj = with ||.^|| = 1. Name p the projection onto 
name Prj the projection onto p. Then 

\\p\\%Pr,b = p and p^b^p^ = J^Pv 

Lemma 2.10. Let 0 < a; G let ^ eTL with ||.^|| = 1. Then 

0 <r<l 

with equality iff = {x^ff)^. Also 

with equality iffx^ = {x^ff)^. 

Proof. Let x = Y^XiPi be a spectral decomposition of x, with 'YhiPi — 1- Let ti = ||pj^|P, 
then = 1. Using Holder’s inequality for sequences, with p = 1/r > 1, we obtain 

{x'^iff) = ^x\ti = ^xltl'^t]'"^ < (^^XiU 

i i \ i 

Assuming equality, in Holder’s inequality, it must be xAi = cti for all i, therefore xf = 
{xf,f)f. Taking s = 1/r and replacing x with x^ the proof of the other case (s > 1) is 
straightforward. □ 

A rewriting of the lemma above, gives the following: 

Corollary 2.11. Let q be a rank one projection and 0 < x E fCiffi) then 

qx^q < {qxqY, 0 < r < 1 

with equality iff xq = cq for some c > 0 and 

{qxqY < qx^q, 1 < s. 



with equality iff xq = cq. 

What follows is the statement that tells us that the relevant hypothesis is neither on the 
operator equality, nor on the norm equality, but the singular numbers equality. 



Theorem 2.12. Assume that a,h E /C('H), p > 1; 1/P + l/g = 1- If 

Xk{\ab*\) = Xk 

\P Q J 

for all k e Mo, then |a|^ = \b\‘^. 

Proof. Since Xk{\ab*\) = Afc(| 6 a*|), exchanging a with b if necessary we can assume that 
1 < p < 2. It will be easier to deal hrst with a, 6 > 0. We follow the notation of Remark 

EH 

Since ba?b = |a 6 p = YfkXkPki if Po = ^ ® C with i E Pi and ||^|| = 1, then ba?b^ = 7 q^. 

Let p = -^pf,a‘^b^; then p E Ran 6 and bp = Let p„ be the projection onto span(p), then 
'I'o _ ' 

\\p\\‘^bprib = po by Remark [2.91 2. Observe that 

ba'^b > p^po = p^Wpfbp^b. (2) 

Now we have to deal with two cases separately, regarding whether p = 2 or p 7 ^ 2. 

Case p 7 ^ 2. By Proposition 12.81 we have Pb\ba\ = \ba\, but Ran \ba\ = Ran (ab), hence if 
we name a = ptapb, then 

ba^b = bpbapbPbO-Pbb = bapbob = bafb > TolIhll^^P??^- 

Therefore of > 7 ol|p|PPr; as operators acting on PC' = Ran 6 . Since 1/2 < p/2 < 1, the 
operator monotony oi t ^ implies that in PL', we have 

oF > 7olhirPr,- 


This also implies 

{vv, n) >y.||„||P 

II,r 

(3) 

On the other hand, bv Remark 12.912 and Corollarvl2.11lwith s = q/2 > 1. 



= ( 11 J 12 ) = (Pvb'Pv) < Prb'^Pro 

(4) 

equivalently 

||^||g(h,h) < {b’^P.h)- 

(5) 

By Young’s numeric 

inequality 



7o=7oii,iii/ii <L„i,r+ii/iTT. 

IIpII p <i\\pr 

(6) 
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Since 1 < p < 2, the map t ^ is operator convex jS] Theorem 2.4], therefore aP = 
{pbapbY < PboPpb, hence combining this with ([3]), (E]) and ([3]) gives 


7o < 


l{aPp,p) 

p \\p\\^ ^ q \\p\\^ 

1 {a^p, p) 1 {b'^p, p) 
p \\p\\^ ^ q ||r/||2 



{pbgPpbP, p) 1 {h^p,p) 

IlhP Q \\v¥ 


< 7o 


by the hypothesis on the A*,. 

From here we can derive several conclusions. The hrst one, since there is equality in 
Young’s numeric inequality ([6]), is that 70 = n^. The second one, since we have equality 

in (jH), is that b'^p = -^^P = Po^'^P iLemma 12.101) . therefore ^ = bp = p^^^p. The third 

one, since 0 < -aP + -6'^ < ynl and now 

’ — p q — 


1 


llhll 


2 





is that (Lemma 12.11 41 


1 


-gP + -6" 
p q 



7o 


(-a^ + Me = 7oe 

\P Q J 

and rearranging if necessary the basis of /cer((ia^ + ^b’^) — 70I), we conclude po 
p^ = qo- Note that 

7o^ = + -7oC, 

p q p q 

which implies that = 70.^; with a similar argument and since 

0 < -a^ + -W < -pbd^Pb + = Pb{-PboPpb + -b‘^)Pb < loPb < 7ol 

p q p q p q 


Pv = 


we deduce that = 70^ also, therefore 

We now proceed with an induction argument. Write 


g = 




cxjgj 


'j>7o 


1/p 


^ i/p 
«fc<7o 


with gk,gj rank one disjoint projections and = 0 for all k,j. Then rearranging if 
necessary ao = 7 ^^, oq = po- Write similarly 

b= = P^- 

/3j>7(]^'^ /3fc<7o^'^ 
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Let a = (1 — Po)a{l — po) and 6 = (1 — Po)h{l — po), then pqq = pob = 0, 

a = 0 + 7(5'^%, 6 = 6 + 7^/%, 

ab = ab + 7oPo, \ab\ = \ab\ + 7oPo, 


and 


Therefore 


-aP + -6" + 7oPo = -a^ + 
p q p q 


Xq ( = Ai ) = Ai(|a6|) = Ao(|a6|), 


.P q 

and iterating the above construction we arrive to 


a = a + 




with apk = bpk = 0 for each j, k E Nq. Then 

-aP + h'^ = y" AfcPfc + -aP + -6" = \ab\ + -aP + -fo" = \ab\ + T 
p q P Q P Q 

k 


with T > 0 compact and T\ab\ = 0. Now \k{\ab\) = Xk{-aP + ^6'^) for all k, which means 
equal eigenvalues with equal (and hnite) multiplicities, a fact that forces T = 0, therefore 
a = 6 = 0, from which the claim qP = b^ follows for a, 6 > 0, assuming 1 < p < 2. 

Case p = 2. Let us now return to the case we skipped. From ([2]), we know that 
PboFpb > 7ol|p|Pp?? oil fhe whole "H, therefore 


7o < 


1 1 ^ 1 h) 1 /A 2 ,\ 2 \ 

2 ||,,|P +2||r,|P - 2 ||,,P ^2 ||r,|P ||r,P \ 2 ^ 





< 7o 


7, 7 


since r] G Ran (6). Then from the equality in the numerical inequality ([6]) we derive that 
-^0 = llhll”^! + ^b‘^)v = 7o7 as before. Since g = 2, we have lost the strict 

inequality in (|1]) regarding b. However, Since now {pba^PbV,v) > dollPiP must be an 
equality, from Lemma 12.11 4 we conclude that pbO^p = PboFpbp = Ap for some positive A, 
hence = (270 — A)p also. Recalling 1 = ||^p = \\bp\\^ = (&^p,p) = (270 — A)||p|p = 
(270 — A)7(f^, we obtain A = 70. This tells us that bp = 'p^'^p = ap. The rest of the 
argument follows as in the case of p < 2. 

Returning to the original statement, if for arbitrary compact a,b, we have equality of 
singular values, since Afc(|a6*|) = Afc(||a||6||) fRemark I2.21 2L we obtain lali* = |6|^. □ 
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Let us resume all the results in one clear cut statement, the main result of this paper: 

Theorem 2.13. Let a,b E If p > 1 and 1/p + 1/q = 1, then the following are 

equivalent: 

1. \a\P = \b\L 

2. z\ab*\z* = ^\a\P + ^\b\P for some contraction z G 8(71) 

3. ||2;|a6*|tc||0 = ||-|a|^ + -|&|^||0 for a pair of contractions z,w E Bi/H) and || • a 

strictly increasing symmetric norm. 

4- Xk{\ab*\) = Xk for all k E Nq. 

Proof. Clearly 1^2 with z = v (the partial isometry in the polar decomposition of 
b = r\b\). If 2 holds, picking a norm as in equation ([T]), we have 2^3. By Lemma [2.71 
we have 3 4 and hnally, by Theorem 12.121 it follows that 4^1. □ 

2.4.1 Final remarks: equality of operators 

Assume that we have an equality of operators 

z\ab*\z* =-\a\P +-\b\’^ (7) 

p q 

for some contraction 2; G B{Pi). Then from the previous theorem \a\P = \b\P and 

z|r|V = zu\b\‘^u*z* = z\ab*\*z* = \b\L 

Remark 2.14. Let Tr stand for the semi-finite trace of B{'H). Assume for a moment 
that Trlbl'^ < 00 , or equivalently, that (Ik = Xkih) E Iq. Then 

Tr(|6*|''(l - z*z)) = Tr\b*\'^ - Tr{z\b*\‘^) = Tr\b\^ - Tr(z|6*|‘'^*) = 0, 

which is only possible if = \b*\‘^z*z, since z is a contraction and the trace is faithful. 
Then also 

zz*\b\‘^ = zz*z\b*\'^z* = z\b*\'^z* = Ifcl'?, 

and 

\b\‘^z = z\b*\'iz*z = z\b*\'^ 

or equivalently \b\z = z\b*\, which can he stated as bzv = rzh. The reader can check that 
these three conditions 

1) |6*|, 2) = |6|, 3)|6|^ = ^|6*| 

are also sufficient to have equality in &■ 
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This last fact, for z a partial isometry (and with a different proof) was observed j3] by 
Argerami and Farenick. 

We conjecture that these three conditions are also necessary for & to happen with a 
contraction z if b is just compact. 
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